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Introduction
The motivation for this article comes from the general development of Riemannian super geometry, as introduced by O. Goertsches in his fundamental article [3] , the applications to Riemannian symmetric superspaces and their importance in physics, see [3] and references therein. Geodesics and integral flows are of course indispensable tools in differential geometry. A first question when trying to superize these notions to supermanifolds is: what is the appropriate counterpart to IR for supermanifolds? There is some belief that it is IR 1 , IR with one additional odd coordinate, and so super curves, supermorphisms from I 1 , I ⊂ IR an open interval, into supermanifolds, and partial IR 1 1 -actions appear in the literature. However the benefit of these super curves and actions is questionable. (ii) Every connection on a trivial vectorbundle on I can be transformed into the trivial one by a smooth vectorbundle automorphism, and this is the reason for the existence of a parallel transport along every curve and of enough autoparallel curves, called geodesics.
(iii) Up to diffeomorphism there is only the trivial affine connection on I -as can easily be shown with the help of the geodesic exponential map.
(iv) Given a 1-dimensional connected Lie group G with Lie algebra g , t ↦ exp(tX) gives an isomorphism from either (IR, +) or (IR Z, +) to G , X an appropriately chosen generator of g .
(v) Every non-zero element of a Lie algebra generates a sub Lie algebra isomorphic to IR , and that is the reason for the existence of a Lie group exponential map and the possibility to integrate smooth vectorfields to partial actions of IR , called integral flows.
All these properties together explain the importance of curves and flows in super geometry. Unfortunately (ii), (iii), (iv) and (v) become wrong as soon as one adds odd coordinates to IR resp. I : For (ii) and (iii) I will give counterexamples in this article myself; as a counterexample to (iv) in [5] J. Monterde and O. A. Sánchez-Valenzuela presented three non-isomorphic super Lie group structures on IR 1 1 ; and that (v) does not hold in the context of super Lie groups is quite obvious. No wonder that severe problems occure when generalizing geodesics and integral flows to the super situation using the IR 1 1 -approach. For example in [5] the super integral flow, defined as a local super action of IR 1 1 , does not exist to every super vectorfield X due to the lack of a counterpart to (v): it exists iff the even and odd part of X fulfill the same relations as the generators of the super Lie algebra of IR 1 1 .
Also from a physicists point of view the interpretation of super curves remains unclear: In most cases a curve in a manifold is interpreted as a physical state changing with time. But super symmetry does neither predict nor assume an additional odd time parameter.
On the other hand, given a supermanifold M with body M , the ordinary curves in M cannot tell us anything about what is going on in the odd directions of M : since C ∞ IR has no non-zero nilpotent sections every curve γ ∶ I → M factors through its body map:
So using ordinary curves seems to be even worse. Nevertheless, super curves are still in general far away from separating the superfunctions on M : given a super curve γ ∶ I 1 → IR m n , n ≥ 2 , and a non-zero function f = f I ξ I on IR m n homogeneous in ξ of degree ≥ 2 , always f ○ γ = 0 . So what to do?
The solution seems to be parametrization, a superized local deformation theory: instead of single curves one should take whole families, parametrized by finitely many even and odd 'parameters' generating a 'small' super algebra. These parametrized curves turn out to separate the superfunctions, since already parametrized points do so! Geodesics in supermanifolds will be defined as such parametrized super curves in a quite natural way, and all problems disappear! Also super curves as described above obtain a nice interpretation in this concept: They are curves parametrized over ⋀ IR , and the major difference to the above interpretation is that now one would never be inclined to study the derivative w.r.t. to the odd coordinate, which also from a physical point of view makes sense: super curves in physics should describe trajectories of super particles dealing with an even and odd state simultaneously.
But then the question is: why not parametrize everything? Supermanifolds, supermorphisms between them, super vectorbundles, connections, metrics, and super Lie group structures? We will of course do so! On the way we will see that supermanifolds and super vectorbundles are rigid, so admit no non-trivial local super deformations and can up to isomorphism always be assumed to be unparametrized, while this is not true for the whole rest of the listed items! Maybe highlights of this article are the faithful linearization result for affine Psupermorphisms on connected P-supermanifolds, corollary 4.11, and the generalization of Palais' theorem to the super case, theorem 3.14. The classical Palais' theorem, III of section IV.2 of [6] , can be stated as follows:
Theorem 0.1 (Palais' theorem) Let G be a simply connected Lie group with Lie algebra g (realized as the right-invariant vectorfields on G ), M a smooth manifold and ϕ ∶ g → X(M ) a Lie algebra homomorphism, so an 'infinitesimal action' of G . Then ϕ can be integrated to a whole smooth action of G on M iff ϕ(g) consists of complete vectorfields.
Throughout this article I use the ringed space description of supermanifolds as developped for example in [1] or [2] since it seems to be more adapted to the parametrization procedure. algebra is ⋀ IR n . Furthermore let ρ ∶ P → Q be an even unital algebra homomorphism and m the largest ideal of P . m is automatically graded, and its odd part equals that of P 1 .
Let us already now fix some more notation:
(i) Throughout this article I use Einstein notation. R ∈ Z 2 always denotes the parity of the homogeneous object R , and given a collection (R 1 , . . . , R n ) of homogeneous objects, i ∶= R i for all i = 1, . . . , n . For a finite set I , I denotes its cardinality reduced to Z 2 .
(ii) Given a graded commutative algebra S , graded S-modules M and N and a ∈ M , M = M 0 ⊕ M 1 and a = a 0 + a 1 denote the splittings into even and odd components and M ⊠ S N the graded tensorproduct. We have of course a canonical isomorphism
homogeneous, and for all r, s ∈ S , a ∈ M and b ∈ N , a and s homogeneous, we have (ra)
(iii) As long as not stated the contrary, given a super ringed space X , t denotes the canonical projection IR × X ↠ IR .
(iv) The symbol ♢ means: evaluate this expression at the argument to obtain the desired map.
(ii) Given P-supermanifolds M and N , a supermorphism of ringed spaces Φ ∶ M → N is called a P-supermorphism iff its associated sheaf morphism
The P-supermanifolds together with P-supermorphisms form a subcategory P−SuperMan of SuperRingedSpac . To ρ ∶ P → Q we can associate a covariant functor ρ from P−SuperMan to Q−SuperMan assigning
, and
ρ is clearly covariant functorial in ρ , and
In particular from the unital graded algebra homomorphisms
we obtain covariant functors
The functor # ′ is called the relative body functor, not to be mixed up with the body functor # ! In the categrory of P-supermanifolds we have a cross product: For P-supermanifolds M and N with bodies M and N its cross product is given by 
The local models of the P-supermanifolds, which are used as local super charts, are the super open sets:
They are ordinary supermanifolds but can be regarded as P-supermanifolds as above by taking P ⊠C ∞ U n instead of C ∞ U n as structure sheaf. On U n we have the even coordinate functions
and the odd ones
, which are just the standard base vectors of IR n . Obviously, every section f
Therefore we have the IR-linear unital sheaf projection 
Obtaining the tuple (f, λ) from Φ is easy:
where y k and λ l denote the super coordinate functions on V q .
Obtaining Φ from the tuple (f, λ) is more complicated: Φ is the unique Psupermorphism such that
where r runs through all multiindices in IN m and is infact finite. This is of course a sort of Taylor formula.
From now on for the rest of the article M and N denote P-supermanifolds with bodies M resp. N .
Corollary 1.3 (i)
# and ρ in local super charts glue together to unital IR-linear even sheaf morphisms
, whose kernel is the ideal of all nilpotent elements, and
* f ρ are correct as soon as Φ is a Psupermorphism between super open sets, as it can be easily seen by formula (2) .
(ii) obvious by (i) and formula (1) . ◻ Therefore from now on we identify a P-supermorphism Φ ∶ M → V q with its associated tuple
⊕q 0 and write f ○ Φ ∶= Φ * f heuristically thinking of 'composing Φ with f '. Since a P-supermanifold has no ordinary points, apart from the ones in its body, we have as a replacement the P-points:
The set of all P-points of M will be denoted by M P , and given a P-supermorphism Φ ∶ M → N we write
By theorem 1.2 U n P is given by
open, and the body map
↠ U is just the projection onto the first factor. Let
Therefore M P is not just a set, infact we obtain a covariant functor P from P−SuperMan to the category of families Π X ∶ X ↠ M of smooth manifolds together with smooth family morphisms
assigning to every P-supermanifold M its family of P-points
↠ M and to every P-supermorphism Φ ∶ M → N the smooth family morphism
The obvious fundamental advantage of P-points and difference to ordinary points is crucial:
Can I convince you that parametrization over P is superized local deformation theory? In the following description this becomes even more obvious: There is a contravariant functor̂from the category of small algebras together with unital even homomorphisms to SuperRingedSpac assigning to every small algebra P the ringed space ({0}, P) . Obviously P−SuperMan is also the category of families of super ringed spaces
and the functor ρ is nothing but the pullback underρ . In particular the canonical embedding SuperMan ↪ P−SuperMan means nothing but regarding a single object or morphism as a constant family over ({0}, P) , and # ′ nothing but the restriction to the canonical embedding # ′ ∶ {0} ↪ ({0}, P) . The cross product of M and N just becomes the restricted cross product of families of ringed spaces M × ({0},P) N , and finally the P-points of M the ({0}, P)-points of M from the functor of points approach to supermanifolds, see 2.8 and 2.9 of [2] . Since P is a local algebra we see that every P-supermanifold M and every Psupermorphism Φ between supermanifolds is a local deformation of its relative body M # ′ resp. Φ # ′ . On the other hand, as we know it from ordinary smooth manifolds, also a supermanifold does not have non-trivial local deformations: Theorem 1.6 (Rigidity of supermanifolds)
(ii) The group of P-superdiffeomorphisms from M to itself acts transitively on the set of Ppoints of M , in particular for every
Proof: (i) As in the classical case by induction on the nilpontency degree of the maximal ideal m ⊲ P using the fact that the super tangent bundle sT M # ′ of M # ′ is a fine sheaf and so
(ii) same as for smooth manifolds. ◻ However, in general morphisms between supermanifolds do have non-trivial local deformations:
Example 1.7 Let I ⊂ IR be an open interval containing 0 , C ∈ P 0 ∖ {0} such that C 2 = 0 and α ∈ P 1 ∖ {0} . Let Φ be one of the following P-supermorphisms 
Proof: '⇒': trivial. '⇐': simple induction on the degree of nilpotency of the maximal ideal m ⊲ P . ◻ So in particular the super inverse function theorem remains true also under parametrization.
Basic differential geometry on P-super vectorbundles
Let X = (X, S) be a super ringed space. Then we have the category gradS−Mod of graded S-modules, and given a supermorphism Φ ∶ Y → X , Y = (Y, T ) a second super ringed space, the pullback Φ * gives a covariant functor from gradS−Mod to gradT −Mod , contravariant in Φ . As for ordinary ringed spaces it is defined as the composition gradS−Mod
where we use the multiplication
Obviously Φ * is compatible with taking graded tensor products, dual modules and transposition † .
Definition 2.1 Let E and F be graded S-modules.
0 is called a supermetric on E iff g is graded symmetric, which means ⟨S ⊗ T, g⟩ = (−1)
S T
⟨T ⊗ S, g⟩ for all homogeneous sections S and T of E , and nondegenerate, which means that the induced homomorphism E → E * , T ↦ ⟨♢ ⊗ T, g⟩ is infact an isomorphism. We will use the notation g(S, T ) ∶= ⟨S ⊗ T, g⟩ . If g is a supermetric then the pair (E, g) is called a super Riemannian S-module.
(ii) Let (E, g) and (F, h) be super Riemannian S-modules and ϕ ∈ Hom(E,
Obviously all super Riemannian S-modules with isometric even homomorphisms form a category gradRiemS−Mod , and Φ * becomes a covariant functor from gradRiemT −Mod
Recall the definition of the graded S-module S m n : As S-module it is equal to S m+n , but given a section e 1 , . . . , e m , f 1 , . . . , f m of S m n , it is homogeneous of parity ε iff all e i are homogeneous of partity ε and all f j of parity ε + 1 .
Definition 2.2
The subcategory SuperVB(X ) of all graded S-modules E for which there exists (m, n) ∈ IN 2 such that locally E ≃ S m n is called the category of super vectorbundles on X . We call (m, n) the super rank of E and denote by RiemSuperVB(X ) the subcategory of (Riem−S−gradMod) of all Riemannian super vectorbundles over X .
Since Φ * S m n = T m n , Φ * maps super vectorbundles to super vectorbundles of same super
Recall that, given super vectorbundles E and F on X , there exists a canonical isomorphism
for all sections S, T, α and β of E , F , E * and F * resp., T and β homogeneous.
From now on we study P-super vectorbundles on P-supermanifolds.
We have the body functor # from P−superVB(M) to the category VB(M ) of smooth vectorbundles over M assigning to every P-supervectorbundle E of super rank
E 0 of rank m and to every homomorphism ϕ ∶ E → F the restriction of its C ∞ M -linear extension to E # , which automatically maps to F # since C ∞ M is purely even. It is covariant, compatible with pullbacks and commutes with taking the dual bundle and the graded tensor product. We also have the covariant functor
. It is covariant in ρ , compatible with pullbacks, and
write E x ∶= x * E and think of it as the 'fibre of E sitting at x ', which is isomorphic to the graded P-module P p q , and
Theorem 2.4 (rigidity of super vectorbundles) Let E be a P-super vectorbundle on M . Then there exists an isomorphism ϕ ∶ E
Proof: As in the classical case by induction on the nilpotency degree of the maximal ideal m ⊲ P using that EndE 
given by ⟨X, df ⟩ = Xf for all P-super vectorfields X on M and smooth superfunctions f on N . We have the Leibniz rule d(f g) = (df )g + f (dg) for all smooth superfunctions f, g on M . In a local super chart of M obviously dx i is the dual frame to (∂ i ) .
for all P-super vectorfields X on M and smooth super functions h on N . Fix a local super chart of N . Then taking the partial derivatives
and dΦ is given by X ↦ XΦ
and all above mentionned notions are compatible with # and ρ .
Definition 2.5 Let Φ ∶ M → N be a P-supermorphism. Then P-super vectorfields X and
An easy calculation shows that this notion is covariant in Φ and compatible with the super commutator, # and ρ . Definition 2.6
for all super functions f on N and sections S of E .
(ii) A P-connection ∇ on sT M is called an affine P-connection on M .
For P = IR we obtain the definition of a usual connection on E resp. an affine connection on M , see for example [2] , section 3.6, or [3] , section 4.2. Of course, given a P-connection ∇ on the P -super vectorbundle E , we can associate to it a connection ∇ # on E # by the formula
for all sections S of E and a Q-connection ∇ ρ on E ρ by Q-linear extension. Locally, using a local super chart of N and a local frame (e j ) of E , there is a 1-1 correspondence between P-connections ∇ on E and tuples of functions
Proposition 2.7 Let Φ ∶ M → N be a P-supermorphism and E a P-super vectorbundle on N with P-connection ∇ . Then there exists a unique P-connection Φ *
for all P-super vectorfields X on M and sections S of E .
Proof: Take local super charts of M and N and a local frame (e k ) of E . LetΓ of Φ * E . Now the condition is obviously fulfilled if
∇ is contravariant in Φ and compatible with ρ and # , which can be easily seen by formula (3).
Lemma 2.9 Let Φ ∶ M → N be a P-supermorphism and X and Y Φ-related P-super vectorfields on M resp. N . Let E be a P-super vectorbundle on N with P-connection ∇ and S a section of E . Then
for all sections S of E and ψ of E * .
(ii) There exists a unique P-connection
for all sections S of E and T of F .
(iii) Passing from ∇ E to ∇ 
denote the Christoffel symbols of ∇ E⊠F w.r.t. the the local frame (e j ⊗ e r ) of E ⊠ F . Then the condition is fulfilled if
ir . (iii) Let S, T, α and β be sections in E , F , E * and F * resp., T and α homogeneous. Then
and so ∇ E * ⊠F * fulfills the required condition on ∇ (E⊠F ) * from (i). The rest is obvious by formula (3). ◻ Definition 2.11 Let E, F be P-super vectorbundles on M with P-connections ∇ E resp. ∇ F .
(i) A section S of E is called parallel w.r.t. ∇ iff ∇S = 0 .
(ii) ϕ ∈ Hom(E, F) = E * ⊠ F is called parallel w.r.t. ∇ E and ∇ F iff it is parallel w.r.t. the P-connection ∇ E * ⊠F given by lemma 2.10, or in other words iff ∇ F X ϕ(S) = ϕ ∇ E X S for all P-super vectorfields X on M and sections S of E .
Since ∇ is even, all sections parallel w.r.t. ∇ form a graded sub-P-module of E .
Obviously the P-super vectorbundles on M with P-connections together with parallel homomorphisms form a category P−SuperVBConn(M) , and given a P-supermorphism Φ ∶ M → N , the pullback Φ * gives a covariant functor from to P−SuperVBConn(N ) to P−SuperVBConn(M) , contravariant in Φ . Moreover, we obtain covariant functors # and ρ from P−SuperVBConn(M) to the category of smooth vectorbundles on M with connections resp. Q−SuperVBConn(M) compatible with pullback.
and ρ is covariant in ρ . Now we will generalize some of the nice geometric properties of IR , stated in the introduction, which will in particular lead to the notion of parallel transport:
(ii) For every P-connection ∇ on (C ∞ I ) p q there exists a P-automorphism of (C ∞ I ) p q parallel w.r.t. the trivial connection and ∇ .
(iii) Given a P-connection ∇ on (C ∞ I ) p q and t 0 ∈ I P there exists a unique map
such that t 0 ○ τ t 0 = id P ⊕p q and ∇ (τ t 0 v) = 0 for all v ∈ P p q . τ t 0 P-linear and even.
Proof: (i) Obviously we have an equality of categories
so by theorem 2.4 we may assume without restriction that E is a super vectorbundle on I . Then since even and odd part of E are ordinary vectorbundles on I , the result follows from classical analysis.
(ii) Choose t 0 ∈ I . Then given two P-connections ∇ and∇ on (C ∞ I ) p q , there exists a unique even homomorphism ϕ
denote the Christoffel symbols of ∇ resp.∇ , and write ϕ
. Then the condition on ϕ ∇,∇ is equivalent to the initial value problem a
which by the Picard-Lindelöf theorem possesses exactly one solution a . Now by uniqueness we obtain ϕ ∇,∇ ○ ϕ ∇,∇ = id E , and so all ϕ ∇,∇ are infact isomorphisms.
(iii) By (ii) we may assume that ∇ is the trivial connection, and then the canonical embedding as constant sections is obviously the only possible choice for τ t 0 . ◻ Definition 2.13
(ii) Let γ ∶ I → M be a P-curve, so a P-supermorphism γ ∶ I → M , I ⊂ IR an open interval, and E a P-super vectorbundle on M with P-connection ∇ . Then the even P-linear map
is called the covariant derivative along γ .
Of course both notions are compatible with # and ρ . Let E be a P-super vectorbundle on M . Then after choosing a local frame (e k ) of E we can write any section S of γ * E uniquely as S = S k (γ * e k ) , S k smooth functions on I . In a local super chart of M using the Christoffel symbols Γ l ik of ∇ and formula (3) we obtain ∇γS =Ṡ + S jγ i Γ k ij ○ γ e k , which coincides with the definition of the covariant derivative along γ in [3] , 4.3, for P = IR .
Theorem 2.14 (Invariance of the covariant derivative under P-supermorphisms) Let γ ∶ I → M be a P-curve and Φ ∶ M → N a P-supermorphism.
(ii) Let Φ be affine w.r.t. ∇ M and ∇ N . Then
Proof: (i) just the contravariant functoriality of Φ * ∇ w.r.t. Φ .
(ii) Let S ∈ γ * sT M . Then since dΦ is parallel w.r.t.
(ii) and (iii) of theorem 2.12 are indeed false on I n , even among unparametrized connections:
Example 2.15 Let E denote the trivial super vectorbundle on IR 0 1 of super rank (1, 0) or (0, 1) , in other words E = (⋀ IR) 1 0 resp. E = (⋀ IR) 0 1 as graded ⋀ IR-module. Let ξ denote the odd coordinate on IR 0 1 and e the standard frame on E . Define the family ∇
Since it is smooth we may also take C ∈ P 0 and so obtain a P-connection on E .
(i) Let C ∈ P 0 ∖ {0} . Then there exists no P-section S of E parallel w.r.t. ∇ C with S(0) = e . Indeed: Write S = (1 + bξ)e , b ∈ P . Then ∇ ∂ ξ S = (b + Cξ)e = 0 . So there there exists no P-isomorphism ϕ ∶ E → E parallel w.r.t. the trivial connection and ∇ . In particular for C 2 = 0 we obtain a non-trivial infinitesimal deformation of the trivial connection on E .
(ii) ∇ C , C ∈ P 0 ∖ {0} , is not flat: Following [3] , 4.2, we define for every P-connection ∇ of a P-super vectorbundle its curvature tensor
for all P-super vectorfields X, Y and sections S of E . Here R ∇ C is given by
g a Riemannian P-supermetric, will be called a P-Riemannian supermanifold.
(ii) Φ is called isometric w.r.t. Riemannian P-supermetrics g on M and h on N iff dΦ is isometric w.r.t. g and Φ * h .
(iii) Φ is called affine w.r.t. the affine P-connections ∇ M on M and ∇ N on N iff dΦ is parallel w.r.t. ∇ M and Φ * ∇ N , in other words iff
for all P-super vectorfields X and Y on M .
Theorem 2.17
(i) The P-Riemannian supermanifolds together with isometric P-supermorphisms form a category P−RiemSuperMan .
(ii) The P-supermanifolds with affine P-connections together with affine P-supermorphisms form a category P−SuperManAffConn .
(iii) # and ρ give covariant functors from P−RiemSuperMan to the category of smooth Riemannian manifolds resp. Q−RiemSuperMan and from P−SuperManAffConn to the category of smooth manifolds with affine connections together with parallel smooth maps resp. Q−SuperManAffConn . # ○ ρ = # , and ρ is covariant in ρ .
Proof: Let Φ ∶ M → N and Ψ ∶ N → R be P-supermorphisms.
(i) Let Φ and Ψ be isometric w.r. (ii) similar to (i).
(iii) obvious. ◻ Lemma 2.18 Let Φ ∶ M → N be a P-supermorphism and X, Y be P-super vectorfields on M , Z, W on N such that X and Z and also Y and W are Φ-related.
(i) If Φ is isometric w.r.t. the Riemannian P-supermetrics g M and g N then
(ii) If Φ is affine w.r.t. the affine P-connections
Definition 2.19 Let (E, g) be a Riemannian P-super vectorbundle on M with Pconnection ∇ . Then ∇ and g are called compatible iff ∇ (E⊠E) * g = 0 , ∇ (E⊠E) * given by lemma 2.10 (i) and (ii), or in other words iff Xg(S, T ) = g (∇ X S, T ) + (−1) X S g (S, ∇ X T ) for all homogeneous vectorfiels X on M and sections S , T of E , S homogeneous. Theorem 2.20 (Levi-Civita connection) Let g be a Riemannian P-supermetric on M . Then there exists a unique torsionfree affine P-connection ∇ , called the Levi-Civita connection, on M compatible with g . In a local super chart its Christoffel symbols are given by
By formula (4) it is obvious that passing from g to its associated Levi-Civita connection commutes with # and ρ . Observe that for an affine P-connection ∇ the following are equivalent:
(iii) in local super charts the Christoffel symbols fulfill Γ
For later purpose we need:
Lemma 2.21 Let Φ ∶ M → N be an isometric P-supermorphism between the P-Riemannian supermanifolds (M, g) and (N , h) .
(i) Φ is an immersion.
(ii) If M and N are of the same super dimension then Φ is locally a P-superdiffeomorphism affine w.r.t. the associated Levi-Civita connections.
Proof: (i) Let ϕ g ∈ Hom (sT M, sT * M) and ϕ h ∈ Hom (sT N , sT * N ) denote the even iso-
) is left-inverse to dΦ , and so dΦ is a Psuper vectorbundle monomorphism.
(ii) obvious by (i). ◻ Even amoung Riemannian metrics on ordinary smooth manifolds non-trivial deformations occur, as the next example illustrates:
be the smooth family of metrics given on IR 2 by
C is given by the Christoffel symbols
xy = Cy and x and y interchanged, and its scalar curvature by S C = −4C . Now, since g C is a smooth family we may take C ∈ P 0 and obtain a Riemannian P-metric g C on IR 2 . Therefore we see that, given C,
In particular, any C ∈ P with C 2 = 0 yields a non-trivial infinitesimal deformation g C of the Euclidian metric on IR 2 .
Finally, for defining the geodesic flow properly we have to be able to write P-super vectorbundles on P-supermanifolds as P-supermanifolds themselves. Here is the general concept:
associate the P-supermorphism
k denoting the standard super coordinates on IR m n . Since this assignment is again covariant in ϕ and compatible with restrictions to open subsets of M we obtain a covariant functor from P−SuperVB(M) to the category FamP−SuperMan(M) of families Π Z ∶ Z ↠ M of P-supermanifolds over M together with strong P-super family morphisms
Furthermore we have a 1-1-correspondence between even sections S of E and sections
of the familiyÊ . If S = S k e k in a local trivialization of E thenŜ ∶= Pr M , S k in the associated trivialization ofÊ , and ϕ(S) =φ ○Ŝ for every section S of E and homomorphism ϕ ∶ E → F of P-super vectorbundles.
Definition 2.23
The above presented functor is called the P-supermanifold realisation of P-super vectorbundles on M .
It obviously commutes with # and ρ . Observe that in this realization the pullback of Psuper vectorbundles under a P-supermorphism Φ ∶ M → N becomes precisely the pullback of families and the sum E ⊕ F of two P-super vectorbundles the restricted direct product E ⊕ F =Ê × MF .
In the special case M = {0} the P-supermanifold realization gives a covariant functor from the category of the graded P-modules P p q , p, q ∈ IN , to the category of P-supermanifolds assigning to P p q the supermanifold IR p q .
Theorem 2.24 (Prolongation functor)
(i) There exists a covariant functor from P−SuperMan to FamP−SuperMan(M) , called the prolongation, assigning to every P-supermanifold M its super tangent bundle sT M and to every P-supermorphism Φ ∶ M → N the P-supermorphismΦ ∶ sT M → sT N in local super charts and associated frames ∂ i of sT M and ∂ k of sT N defined bỹ
(ii) Two P-super vectorfields X on M and Y on N are Φ-related iffΦ ○X =Ŷ ○ Φ .
Proof: simple calculation. ◻ Finally also the prolongation commutes with # and ρ . Given a P-supermorphism
we have the choice: on the one hand we can vieẇ Φ as the section (dΦ)∂ t ∈ (Φ * sT M) 0 (U ) , on the other hand as the P-supermorphism
3 Integrating P-super vectorfields
is not purely even we do not have to give up: by the canonical embedding ι ∶ P ↪ P ⊠ ⋀ IR we can associate to it X 0 + αX 1 ∈ X (M ι ) 0 , α being the odd generator of ⋀ IR , and so requiring X to be even is not really a restriction thanks to the parametrization! In the following we will study in detail the differential equatioṅ
where
Definition 3.1 A P-curve fulfilling (5) is called an integral curve to X .
First we study (5) locally, so for a moment we may assume that
Hereby ∂ i and ∂ j denote the derivatives w.r.t. the even ith resp. odd jth coordinate. Furthermore with the help of the odd coordinate functions ξ 1 , . . . ξ n of U n we can decompose
P ⊠ ⋀ IR q is a small super algebra, so let n denote its largest ideal. Obviously IR ↪ P ⊠ ⋀ IR q as a unital purely even subalgera, and we can decompose
all I r graded, such that n r = ⊕ k≥r I k , and so I r I s ⊂ ⊕ k≥r+s I k for all r and s ∈ IN ∖ {0} . So we can continue decomposing
and using the canonical unital even embedding P ↪ P ⊠ ⋀ IR q also
We know that A (5) is equivalent to the ordinary order 1 system of differential equationṡ
.
Decomposing left and right sides along
which means nothing butJ # = J # * X # , and the right hand side depends smoothly on J # , and for all r ∈ IN ∖ {0}
where the S r , T r are independent of f (5)) (5) is uniquely determined by J {t 0 }×W q .
(ii) For each point x 0 ∈ U there exists ε > 0 , an open neighbourhood W ⊂ U of x 0 and a solution (5) with J {0}×W n = Id W n .
Proof: (i) by theorem 2.5.3 of [4] .
(ii) Let x i , ξ j denote the canonical super coordinate functions on U n . Then we can
⊕n , and the initial condition
By theorems 2.5.7 and 2.5.9 of [4] there exists ε > 0 , W ⊂ U open and a solution f
Since the right hand sides are linear w.r.t. f r (♢, x) resp. λ r (♢, x) and independent of all f s (♢, x), λ s (♢, x) , s > r , by the Picard-Lindelöf theorem or the example at the end of section 2.5. of [4] , for all x ∈ W there exist solutions f r (♢,
f r (0, x) = 0 and λ r (0, x) = β r . By theorem 2.5.10 of [4] they depend smoothly on x . ◻ Now for the global theory we proceed as in the classical case:
Given an integral curve γ ∶ I → M to X and t 0 ∈ I P , γ is uniquely determined by γ (t 0 ) .
Proof: After translation we may assume that t 0 = 0 . So let η ∶ I → M be a second integral curve to X with η(0) = γ(0) . Define U ∶= {t ∈ I γ(t) = η(t)} .
Then obviously U is closed, and 0 ∈ U . But by lemma 3. {i} Ω ∩ (IR × {x}) ⊂ IR is an interval containing 0 for all x ∈ N (so Ω is an interval bundle over N ),
Theorem 3.4 (Global solution of (5)) (i) For every Ω ∈ Ξ X there exists exactly one solution J Ω ∶ (IR × M) Ω → M of (5) with
(ii) For every x ∈ M denote by I x,X # the largest interval on which there exists an integral curve γ ∶ I → M to X # with γ(0) = x . Then
is the largest set in Ξ X .
Proof: (i) Assume there are two solutions J and
are integral curves to X , which coincide at 0 . So by lemma 3.3 they are equal. Since x has been arbitrary and for large enough Q the Q-points separate the P-supermorphisms from IR × M , we have J = K .
(ii)
Step I:
coincide on their overlaps and so glue together to a solution
which so is an element of Ξ X .
Step II: Ξ X contains a largest set Ω max . Indeed: By (i) all J Ω glue together to a solution (5) with Ω max ∶= ⋃ Ω∈Ξ X Ω , which so is obviously the largest set in Ξ X .
Step III:
Then obviously Φ fulfills the differential equation (5), and Φ and J X coincide on {b − ε} × M U . Therefore, after maybe shrinking U , by lemma 3.2 (i) Φ = J X on the overlap (IR × M) (]b−3ε,b+ε[ × U )∩Ωmax , which means that we can glue together Φ and J X to a solution (5) with J {0}×M = Id M , soΩ ∈ Ξ X and thereforẽ Ω ⊂ Ω max . But on the other hand (b, x) ∈Ω ∖ Ω max . Contradiction! Similar argument in the first case a ∈ I x,X # . ◻ Definition 3.5 J X ∶= J Ω X ∶ (IR × M) Ω X → M is called the integral flow to X on M , and X its generator.
Corollary 3.6
(i) Ω X = Ω X # , which so depends only on the underlying classical structure, J # X = J X # , and
J X is really a partial action of IR on M :
→ IR denote the projections onto the first resp. second copy of
IR .
This immediately implies that given t 0 ∈ IR P ,
Proof: Let x ∈ M Q and s, t ∈ IR such that (s, t, x) ∈ J * X # Ω X # . Then J X (♢, x) and J X (♢ − t, J X (t, x)) are integral curves to X coinciding at t and so by lemma 3.3 on their overlaps. Therefore they glue together to an integral curve I x # ,X # ∪ I J X # (u,x # ) + t → M . We see that s + t ∈ I J X # (s,x # ) + t ⊂ I x # ,X # , which gives the first statement, and J X (s, J X (t, x)) = J X (s + t, x) , which gives the second statement. ◻
, which proves the second statement. For the converse just observe that Lemma 3.9 Let X, Y ∈ X(M) and a, b ∈ P 0 with a 2 = b 2 = 0 . Then
Proof: Easy exercise in local coordinates. ◻
In the following we will extend the theory of integral flows to arbitrary P-super Lie group actions, which will lead to a super version of Palais' theorem III of section IV.2 of [6] .
Definition 3.10 A P-supermanifold G with a multiplication P-supermorphism
∶ G → G and a neutral element 1 ∈ M P fulfilling the usual group axioms is called a P-super Lie group. The sub P-super Lie algebra of right-invariant P-super vectorfields X ∈ X(G) is called the super Lie algebra of G .
Here X ∈ X(G) right-invariant means (d 1 m) X = m * X , where d 1 denotes the differential w.r.t. the first entry, and is, for Q large enough, equivalent to X being related to itself under all right-translations m(♢, g) , g ∈ G Q .
Example 3.11 Let α ∈ P 1 . Then IR 0 1 with multiplication m ∶= ξ + η + ξηα , inversion −ξ and neutral element 0 is a P-super Lie group. Its super Lie algebra is generated by X ∶= (1 + ξα)∂ ξ , and [X, X] = 2αX . Its relative body is IR 0 1 , + . For α = 0 there exists no P-super Lie group isomorphism from IR 0 1 , + to IR 0 1 , m since the first one is abelian, the second one is not. So we have constructed a non-trivial local deformation of the ordinary super Lie group IR 0 1 , + .
From now on let G be a P-super Lie group with super Lie algebra g . As in the classical case one has:
(ii) There is a unique map exp ∶ĝ → G such that
Proof: (i) obvious. (iii) By the properties of exp and since X is right-invarianṫ
which proves the first statement. The second follows directly from the first and lemma 3.9.
(ii) Uniqueness: obvious by the first statement in (iii) by passing from P to Q large enough and using the isomorphism g ≃ ((⋀ IR) ⊠ g) 0 of graded vectorspaces. Existence: Take a graded base (ξ i ) of g and associated super coordinates c i onĝ . Let
given, R and X are related under the embedding X , Id G ∶ G ↪ĝ × G , and X # is complete since
Since moreover X has been arbitrary we see that in particular R # is complete. Define
Since m (exp(tX), Pr G ) = J X for all X ∈ g , the desired properties of exp follow immediately. ◻ Given a connected P-super Lie group G of super dimension (1, 0) with P-super Lie algebra g , exp(t, X) gives an isomorphism from either (IR, +) or (IR Z, +) to G after appropriate choice of the generator X of g . So, in contrast to example 3.11, super Lie groups of dimension (1, 0) admit no non-trivial local deformations.
is an even P-super Lie algebra homomorphism, and Φ (exp(tX),
Proof: Since Φ is a P-super action, Φ(1, ♢) = Id M and
which proves the second statement. Therefore after passing from P to Q large enough for all X, Y ∈ (Q ⊠ P g) 0 and a, b ∈ Q 0 with a 2 = b 2 = 0 by lemma 3.9
Since in a local super chart the left hand side is equal to Id M + ab[ϕ(Y ), ϕ(X)] and the right hand side to
The converse is also true:
Theorem 3.14 (Super Palais theorem) Let G be a simply connected P-super Lie group with super Lie algebra g and ϕ ∶ g → X(M) an even P-super Lie algebra homomorphism such that ϕ(g) # ⊂ X(M ) consists of complete vectorfields. Then there exists a unique P-
Moreover, theorem III of section IV.2 of [6] says that infact are equivalent
The proof of theorem 3.14 needs some more preparation:
(i) There exists a unique IR-linear sheaf embedding
is an integral curve to X P .
(ii) Given x ∈ M P , P induces an isomorphism
(iv) For every X ∈ X(M)
P is a Lie algebra sheaf embedding. 
. Then we can decompose
and ∂ j,e denote the partial derviatives on
w.r.t. the i-th coordinate on U , the b d -coefficient in the i-th entry of m ⊕m 0 and the c e -coefficient in the j-th entry of m ⊕n 1 resp.. Then a simple calculation shows that (i) is fulfilled iff
Also (ii) is fulfilled by an easy calculation. is an integral curve to X P and
is an integral curve to Y P . Therefore
and so X P and Y P are related under Φ P . This shows that P is infact globally defined and
is an integral curve to X P and so must equal J X P (♢, x) . This proves (iv). Finally for proving (v) we obtain by lemma 3.9 that for all x ∈ M P and t, u ∈ IR sufficiently small in a local super chart of M
Proof of theorem 3.14: By lemmas 3.12 (i) and 3.15 (ii) and (iv) the Lie algebra of G Q is
given by (Q ⊠ P g) 0 , and by lemma 3.15 (v) we have a Lie algebra homomorphism
where we have already extended ϕ to an even Q-super Lie algebra homomorphism
Q is the integral flow to ϕ(X) Q , which shows that also ϕ(X) Q is complete. Therefore and since with G also G Q is simply connected by lemma 
and t ∈ IR .
and so must equal σ .
Existence: Take a graded base (ξ i ) of g and associated super coordinates c i onĝ . Define R ∶= c i ⊗ ϕ (ξ i ) ∈ X (ĝ × M) . As in the proof of the existence part of lemma 3.12 (ii) one deduces from the completeness of all ϕ(X) # the completeness of R # and shows that
of σ coincide on their overlaps, and so they glue together to a largest P-supermorphism
Assume a ∈ G P such that a # ∈ ∂U max and choose b ∈ G P such that
, and so after taking Q large enough we obtain d (J ϕ ) X {1}×M = ϕ(X) for all X ∈ g . ◻ This result explains and generalizes the work of J. Monterde and O. A. Sánchez-Valenzuela of [5] in the complete case, who did this for three Lie group structures on G ∶= IR 1 1 .
For the rest of this section let M and N be equipped with affine P-connections ∇ and ∇ N resp. Riemannian P-supermetrics g and h . 
where we used the canonical embedding sT M ↪ Pr *
The following lemma is obvious:
Lemma 3.17 Let Φ ∶ (B × M) Ω a P-supermorphism, so a family of partial Psupermorphisms from M to N , and let M and N be equipped with affine P-connections resp. Riemannian P-supermetrics. Let Q be a small algebra. Then: If Φ is affine resp. isometric then all Φ(b, ♢) ∶ M ({b # }×M )∩Ω → N , b ∈ B Q , (they are (Q ⊠ P)-supermorphisms) are affine resp. isometric. If the Q-points of B separate the P-functions on B then also the converse is true. Now one can ask when J X , X ∈ X(M) 0 , is affine resp. isometric. Here is the answer:
Proof: Let U ⊂ M be open and Y, Z ∈ X (M U ) . Take t 0 ∈ IR and a ∈ P 0 such that a 2 = 0 . Define Φ ∶= J X (t 0 , ♢) and
Then by lemma 3.9 (ii) Y and W −a[X, W ] and Z and R−a[X, R] are J X (t 0 + a, ♢)-related.
For the Riemannian case define
By lemma 3.9 (i)
Without restriction we may assume that there exists a ∈ P 0 ∖ {0} such that a 2 = 0 , and so we obtaiṅ
For the affine case define
where Pr M ∶ IR × M ↠ M denotes the canonical projection and d M the super differential restricted to Pr * sT M . By using lemma 3.9 (ii) one easily checks that
and
Therefore using lemma 2.9 now
and soḟ (i) X is called infinitesimally affine iff for all P-super vectorfields Y, Z on M , Y homogeneous,
(ii) X is called Killing iff for all P-super vectorfields Y, Z on M , Y homogeneous,
or equivalently using the Levi-Civita connection ∇ to g
(iii) An arbitrary P-super vectorfield on M is called infinitesimally affine resp. Killing iff so are its even and odd part. We denote the graded P-submodule of all infinitesimally affine resp. Killing P-super vectorfields by X infaff (M) resp. X Kill (M) .
Corollary 3.20
is a sub P-super Lie algebra.
(ii) If M is a P-Riemannian supermanifold equipped with the Levi-Civita connection then
Proof: Direct consequence of theorems 3.18, lemma 3.9, and lemma 2.21 (ii). ◻ Corollary 3.21 Let ϕ ∶ g → X(M) and J ϕ as in theorem 3.14. Then J ϕ is affine resp. isometric iff ϕ(g) ⊂ X infaff (M) resp. ϕ(g) ⊂ X Kill (M) .
Proof: '⇒': obvious by theorem 3.18 . '⇐': As in the proof of theorem 3.14 let V 0 ⊂ĝ # and U 0 ⊂ G be open neighbourhoods of 0 resp. 1 such that exp G ∶ĝ V 0 → G U 0 is a P-superdiffeomorphism. J ϕ (exp X) = J ϕ(X) (1, ♢) , which is affine resp. an isometry by theorem 3.18, for all X ∈ (Q ⊠ g) 0 = (ĝ) Q . Therefore
At least U 0 ⊂ U , which is therefore non-empty. As in the proof of theorem 3.14 we see that U is also closed:
which is affine resp. an isometry since cb −1 ∈ U 0 and b ∈ U . Therefore
Since G is connected we have U = G . ◻ 4 The geodesic flow on a P-supermanifold with affine Pconnection Throughout this section let ∇ be an affine P-connection on M .
Definition 4.1 Let U ∈ X sT M 0 be given in local super coordinates by
with Ω ∶= Ω U # is called the geodesic flow on M w.r.t. ∇ .
U and so also Φ are indeed globally defined:
If Ξ is affine w.r. 
and the right hand side with the help of the Christoffel symbolsΓ
Therefore Ξ is affine iff
Now U V and U WΞ -related means dΞ U V =Ξ * U W . We drop the notations ○Π sT V n and ○Π sT W q for a better reading and compute the left hand side as
the right hand side as (ii) There exists a unique torsionfree affine P-connection∇ on M such that U is also the generator of the geodesic flow to∇ . It is given by∇ ∶= ∇ − Observe that for Q large enough U and U N beingΞ-related is also equivalent to Ξ mapping Q-geodesics w.r.t. ∇ to Q-geodesics w.r.t. ∇ N .
Here another nice characterization of geodesics:
Theorem 4.7 A P-curve γ ∶ I → M is a geodesic iff it is parallel w.r.t. the trivial affine connection ∇ triv on I and ∇ . is an integral curve to U with ϑ(0) = v . Therefore s I s⋅v # ,U # ⊂ I v # ,U # , and so I = I s⋅v#,U # . This gives the first statement. Furthermore ϕ = η , and so we have also the second statement. ◻
The second type of specializations which I would like to discuss are the geodesic super exponential maps:
Definition 4.9 Let p ∈ M P . The P-supermorphism 
Lemma 4.10
(i) Let x ∈ M P and v ∈ (sT x M) 0 . Then t ∈ IR tv # ∈ Ω p # = I v # ,U # , and γ ∶= exp p (tv) ∶ I v # ,U # → M is the largest geodesic withγ(0) = v .
(ii) Identifying sT p M ≃ sT 0 sT p M we have d exp p (0) = id sTpM , and so exp p is a Psuperdiffeomorphism locally at 0 .
Proof: (i) The first statement is an easy exercise using theorem 4.8. For the second statement by theorem 4.8
which is the largest geodesic withγ(0) = v by corollary 4.6.
(ii) d exp p (0)v = v for all v ∈ (sT p M) 0 by (i), but by passing from P to P ⊠ ⋀ IR even for all v ∈ sT p M . The rest follows by the super inverse function theorem. ◻ As in [3] proposition 4.11 for isometries between Riemannian supermanifolds and proposition 4.14 for Killing super vectorfields we obtain the faithful linearization result for affine Psupermorphisms: (ii) Any X ∈ X infaff (M) is uniquely determined by X(p) and (∇X)(p) . Obviously U is closed, and p ∈ U . Now let x ∈ U be arbitrary. Then there exists an open neighbourhood V ⊂ M of x such that Σ M V = Ξ M V . Indeed: Since Σ and Ξ are affine we obtain by corollary 4.3 Σ ○ exp x = exp Σ(x) ○ (dΣ)(x) = exp Ξ(x) ○ (dΞ)(x) = Ξ ○ exp x , but exp x locally at 0 is a P-superdiffeomorphism. Therefore U is also open, so U = M and Ω = Id M .
(ii) Let X ∈ X infaff (M) such that X(p) = 0 and (∇X)(p) = 0 . After passing from P to P ⊠ ⋀ IR and from X to X 0 + αX 1 , α generating ⋀ IR , we may assume X even. For Q large enough take a ∈ Q 0 ∖ {0} such that a∂ r g ij = −(−1) r ( i + l ) g il ∂ r g kl g km and X ω,H = (−1) j a j g ij ∂ x i − (−1) r (−1)
